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Linear Regression

= A Regression Problem - Line Fitting
= E.g., “My GPA is 2.9, what will be my salary?”
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Notations

= x:input variables/attributes/features

* vy :output variable/attribute/target variable
" m:number of training examples

" 7n:number of input variables
" Univariate:n =1 n=1
< >
" Multivariate:n > 1
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Model he(x) — 00 + le

How do we represent h?

Training Set ho(x) = 6 + 6%

0] 10

Learning
Algorithm

Hypothesis Estimated

GPA (x) (Model) Salary (y)
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How to Set @

ho(x)
3
2 1
1 /
0 ] i 1 x
0 1 2 3
0 =0
01 = 0.5
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What is the Best Fitting Line?

* Finding 6, which makes hy(x) closest to y for all
training data (x(i),y(i))
* Mathematical definition: Cost Function J(0,,0)

min —z (hg (x()) — y(‘))
00,61 2

\

Error: (Estimated — Actual)
Squared Error: to be positive
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Cost Function J(0,,04)

m
1 : N 2
J(6o,6,) = 521192%2 (he (x®) - y(l)) 100~
i=1
¥
50~

J(8o,01)

Our Target— T

" Input: (x™), y D), .., (x(™), y(m)
= Start with some 6,, 0, (e.g., 8, =0, 6; = 0)

= Keep refining 6, 81 to reduce J(8,, 6,) until we

hopefully end up at a minimum
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Gradient Descent Algorithm

Repeat until convergence {
aj(eo 91) Derivative

— — Slope
b =0y —a a0, Gradient
a](QOJ Hl)
91 — 81 —a 661
} Learning Rate
(or Step Size)

Three Problems:

1. How to compute the derivative?
2. How to set the learning rate?

3. What is the convergence criteria?
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Derivative

0]:9]

J(6)

>90
@

0o := 0p— a (+ number)

éi/(f901691)
a

06,

J(6))

t T - slope
+ slope

)HO
—

8o := 0p— a (- number)
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Geometric Interpretation: Gradient Decent

" The gradient can be interpreted as the
direction and rate of fastest increase

" Parameters update in reverse direction of
gradient

B -10
6, -20 -20 8o
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Step Size

» Learning rate / Step size a is a user parameter.

J(6o) J(6o)
() (R

>90 )HO

Small a => slow convergence Large a => fail to converge

o)
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Gradient

Gradient of J is the vector

0] (89, 01)
a0,

0] (6,, 61)
00,

V](60,01) =

Partial derivative d of a function J(8,, 6,) of several
variables 6,, 0, is its derivative with respect to one of
those variables, with the others held constant
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Gradient 3J(0,,0,)/00

0J](60,01) 0 [ 1 - 0 i)\
20, _590< Z(he(x ) —y®)

aeo< 2 (60 + 6;xD — y©®) )

m
1 6 . _
—— ) — (9, + 6, xD — @ y = f(u)u— flg(x))
1_1630( . yOy V=DM fu)g'(x)
Chain Rule
Zmz 2(6y + 6xD — yO) in Ru
U

_2(90 + Hlx(l) — y(l))
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Gradient dJ(08,,0,)/004

m
9](6,,0) 8 (1 | .
_ (DY — (@
081 691 ZmE (he(x ) y )

=1
m

d 1 . 2
_ (i) _ @)
081 (Zmz (00 T Hlx y ) >

i:1
1
i 691 (@0 +0,x® — y(l))

l

— %2 2(8p + 6,x® — y®) . x®

=1
m

1 . . .
_ E (D) — (DY), @
- (90 + 01x y )x
i=1
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Gradient Descent Algorithm

n=20,60qyn]=06,n]=0
REPEAT {

Oon + 1] = Oo[n] — %27;(90 [n] + 6;[n]x® — y©)

01[n + 1] = 6,[n] — %z;(ao ] + 0, [n]x® — y )@

n=n+1
YUNTILJ(Bg|n — 1],0.[n — 1]) — J(6y[n],01[n]) < eORN > X
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Stop Criteria

= |f J(8,,0,) decreases by less than a threshold &
(e.g., 103) in one iteration
= Each iteration, we use all m training examples to
update 6, 64
» Use updated 6,, 8, to recalculate J(6,, 81) and find
the decrease

= Or, after X (e.g., 5000) number of iterations
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Gradient Descent in Action

hg(x) J (0o, 061)

(for fixed 0, 01, this is a function of x) (function of the parameters 6y, 01 )

Price $ (in 1000s)

* Training data
— Current hypothesis

| 1 -0l5 | | |
1000 2000 23000 4000 1000 500 0 500 1000 1500 2000
Size (feet”) o
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Price $ (in 1000s)

Gradient Descent in Action

hg(x) J (0o, 061)

(for fixed 0, 01, this is a function of x) (function of the parameters 6y, 01 )

* Training data
— Current hypothesis

‘ ' 0.5 ‘ | |
1000 2000 23000 4000 1000 500 0 500 1000 1500 2000
Size (feet”) o
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Gradient Descent in Action

h’@ (Qj) J(907 91)
(for fixed 0, 01, this is a function of x) (function of the parameters 6y, 01 )
700
600
X

= 500F
O
3
= 400}
A
# 300
& 200F

1007 * Training data

= Current hypothesis |
'0.5 | | | |
1000 2000 3000 4000 1000 -500 0 500 1000 1500 2000
Size (feet”) o
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Price $ (in 1000s)

Gradient Descent in Action

h@(ﬂj) J(g())el)
(for fixed 0, 01, this is a function of x) (function of the parameters 6y, 01 )
700 | [ \
600+ X,,
% >
100¢ * Training data
— Current hypothesis
0 | | T T
'0.5 ! | |
1000 2000 23000 4000 000 500 0 500 1000 1500 2000
Size (feet”) 0
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Gradient Descent in Action

he () J (60, 61)
(for fixed 0, 01, this is a function of x) (function of the parameters 6y, 01 )
700 T T T T Zal 0.5
600" X X 0.4
X x 0.3
~ 500
S 0.2f
O
= 400 0.1+
5
= " 0
@ 300}
s 0.1}
i
A1 200+ 00l
100 « Training data | 037
— Current hypothesis -0.47

1 2 0 | W0 15
000 000~ 3000 4000 000 -500 0 500 1000 1500 2000
Size (feet) 0
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Gradient Descent in Action

hg (.CE)

(for fixed 6y, 01, this is a function of x)

700

600"

Price $ (in 1000s)

100r

(@a]

(]

(]
T

N
()
(]

(F)

()

(]
T

DO

()

(]
T

X
X X
% X
X X X
X
7 X
X X X ,%<X “
Xy x X%
oxX
N ><
* Training data
— Current hypothesis
| | I T
1000 2000 3000 4000

Size (feetz)

J (60, 61)

(function of the parameters 6y, 6 )

_0'5 | | | L
-1000  -500 0 500 1000 1500 2000

0o
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Price $ (in 1000s)

Gradient Descent in Action

he () J (0o, 01)
(for fixed 0, 01, this is a function of x) (function of the parameters 6y, 01 )
700 . f 0.
0.4
600+ < 03
A 0.2+
0.1r
" 0
0.17
0.2f
0.3
100 « Training data | 0.4+
— Current hypothesis
! 1000 2000 3000 4000 '915000 50 0 5000 1000 1500 2000
0

Size (feetz)
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Price $ (in 1000s)

Gradient Descent in Action

hg(af) J(H(),el)
(for fixed 0, 01, this is a function of x) (function of the parameters 6y, 01 )
700 . [ w 0.5
600 X, 04
| . 0.3
0.2
0.1
S
0.1
0.2
0.3t
100¢ * Training data
— Current hypothesis 047
'0.5 ! | |
1000 2000 50004000 4000 500 0 500 1000 1500 2000
Size (feet”) 0o
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Gradient Descent in Action

hg(x) J (0o, 061)

(for fixed 0, 01, this is a function of x) (function of the parameters 6y, 01 )

700 . { w

600

Price $ (in 1000s)

100} * Training data
— Current hypothesis
0 | 1 I T _0.5 | | L |
1000 2000 3000 4000 -1000  -500 0 500 1000 1500 2000

Size (feetz) b
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Summary: Univariate Linear Regression

Target: Find best fitting line hg(x) = 8, + 01x

minimize ](90,91)=$ m (hg(x®) — y(i))z
A

X Squared Error: (Estimated — Actual)?

Repeat until convergence {

61(90; 91) Derivative
) 390 (or Gradient)

. 61(901 91)
96,

00=90—a

31=91—0(

} Learning Rate

(or Step Size) ) .
Gradient Descent Algorithm
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Multivariate Linear Regression

h@(x) — 0() +91x1 + Hzxz + ...

h@(x) =Ho+91x hg(x) :00+01x1+02x2+03x3

m

1 . .
](901 91' ) =%Z (hg (x(l)) — y(l))z

=1
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Example with Training data

The training data contain some example measurements of the
profit gained by opening an outlet in the cities with the
population ranging between 30,000 and 100,000. The y-values
are the profit measured in USD, and the x-values are the

populations of the city. Each city population and profit tuple
constitutes one training example in training dataset.
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Initialize Gradient Descent

Use training dataset to develop a linear regression model
and solve it by using gradient descent algorithm. Find the
values of 8, 84, and cost function J in the first two
iterations. (8 = 0,0, = 0,0 = 0.01)

Initial setting:

6o[0] = 6,[0] = 0
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Iteration 1
= Update 90'

(@) _ @
690 2(90 |+ 6,[0]x y )

= 1/4[- y(l) —y@ _ @ _y®)
= 1/4[—6.5987 — 9.1302 — 13.662 — 11.854] = —10.311

0,[1] = 6,[0] — 0.01 2L = /(0] = 0.10311

0

. Update 91
0]

(D) — 1Oy @
691 =2 E (90 ]+ 64[0]x y )x

= 1/4 [ 6.5987x6.4862 — 9.1302X5.5277 — 13.662><8.5186
— 11.854x7.0032] = —73.167

6,[1] = 6,[0] — 0.01 2L = /(0] = 0.73167

1

COMP4434
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Cost Update

= Update J(6,, 81):
J(6o[0], 82 (60[0] + 6,[0]x™ _y(l))

= 1/8 [<y<1>> F )+ (5O) + (]
= 1/8[(6.5987)% + (9.1302)? + (13.662)? + (11.854)?] = 56.759

J(Bo[1], 2 (6o[1] + 61[1]x® _y(l))

= 1/8 (0. 10311+0 73167><6 4862-6.5987)>

+ (0.10311+4+0.73167%5.5277-9.1302)2

+ (0.103114+0.73167x8.5186-13.662)2

+ (0.10311+40.73167x7.0032-11.854)%] = 15.864

COMP4434

32



aeo
NV,

J]

A
90,

Iteration 2
Update 90

42(90 + 6, [1]x® — y®) = ..

] = 0o[1] - 0.01 3 [1] =

Update 6;:
4

1 o
— zzwo[” 0, [1]x® — yD)x® = ..,

6.[2] = 6,[1] — 0.01 L [1] =

J(Bo[2

004

Update J (8o, 31)'

82(30 ]+ 6,[2)x® — y®)? = ..

COMP4434
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Linear Regression by Linear Algebra

" Minimizing function:
mln ](90, 81, )

= min —z (hg(x(‘)) y(‘))
1 N2
= 9(%13”%2 (60 + 013 + 0,2 + -+ — y®)

=1

0J(600,01,")
90

= Necessary Condition: =0,0<i<n
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61(907 le )

30,

Normal Equation

m
) = Ez (90 + Hlxg) + szél) + -+ an,gl) — y(l)) =0

i=1

m
1 : : : _ :
— E (90 + Hle) + Hzxgl) + -+ an,gl) — y(l)) xf) =0

m

1 . . . _ .

— E (90 + Gle) + Hzxél) + -+ Onx,gl) — y(l)) x,gl) =0
i=1
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Normal Equation for Univariate Case

= Notions:

1 m
7= _zx(o
m 4
=1

= Equations:

= Solutions:

f

\

[ _yra XXy

|7 - @?
glzxy—x*y

\ xZ_(f)Z

COMP4434

m
1
5 = n_lz O %y = _Z 2Dy %7 = _z(x(o)z
=1

=1

m
1 . .
—~ E (09 + 0,xWD —yD) =9, + %0, —y =0

1 . . . _
n—lz (8o + 62D — yO)x® = g% + x26, — 77 = 0
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Same Example

The training data contain some example measurements of the
profit gained by opening an outlet in the cities with the
population ranging between 30,000 and 100,000. The y-values
are the profit measured in USD, and the x-values are the

populations of the city. Each city population and profit tuple
constitutes one training example in training dataset.
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Solution with Normal Equation

1
= — (6 4862+5.5277 + 8.5186 + 7.0032) = 6.8839

1
—(6 5987+9.1302 + 13.662 + 11.854) = 10.311

<
II

(6 4862%6.5987+5.5277%9.1302 + 8.5186%13.662 + 7.0032x11.854)
67

LS
||

~
w
| ==

(6 4862X%6.4862+5.5277%5.5277 + 8.5186%8.5186 + 7.0032%7.0032)
48. 559

0, + %0, —y =0 =0, + 6.88396; — 10.311 = 0 6, = —2.5471
_ — _ =
X6, + x26, — Xy = 6.88390, + 48.550, — 73.167 =0 | 6, = 1.8679

J(6y,0,) = 1/8[(—2.5471+1.8679%6.4862-6.5987)% + ---] = 1.5598
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Basic Knowledge about Matrix

a1 + a12T9 + -+ A1pn Ty = b
a21 1 + 22 T2 + 004 25 Ty, = by
Am1T1 = Am2 T2 + -t Amn Ty = bm
aj;y @iz ccc Qip | EZE by |
a1 Qs -+ Qp To b
A o . y x — y b -
L AQml1  Am2 Amn _ | Ln | b
AX =D
x=A4"1b
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Multivariate Linear Regression

a](HO' 917
90,

m
1 : : : .
) = E (90 + Hle) + szél) + -+ an,gl) — y(l)) =0
i=1

m
d](6y, 04, 1 j j ' ; '
J(69,01, ) _ _2 : (80 n elxil) n ezxgl) 4ot ang) _y(l)) x?) =0

) 661 m =
6](90, 01, * ) 1 m . . . ] .
00, - - 6o + Gle) + Hzxél) + -+ an,gl) — y(l)) x,gl) =0

\
m m m m m
<Z1-1>eo+<zxf).1>91+<Zx§”-1>92 +---+<Zx,€f)-1>9n =Zy<i>-1
. C, .

i=1 i i=1 i=1 i=1
m m m m m
i=1 i=1 i=1 i=1 i=1
(Z 1- x,&”) 6o + (Z xf)x,(li)> 0, + (Z xé”x,?) 0, + -+ (2 xni)x,(li)> 0, = Z y(i)x,(li)
=1 =1 =1 =1 =1
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_ m m m
21-1 2x§‘).1 2x§‘)4 - Z @ .9
m
21 x® ngoxg) Exg)xf) Zxa) o, _
= =

m
21 @ Z QMO z OMOIIN xDx®

Matrix Form of Normal Equation

=1 =1

m

i=1 i=1

AO =D
0=A""b

COMP4434
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Matrix Form of Normal Equation

* Matrix Form of solution 8 in terms of matrics X and y ?

_ 1 _

1 XD xj() v 1D 9, SHCIE

2 (2) 2

x=|1 1 Xj oo x5 9= 01 y = y(.z)

: 6 ()

P I o L) n. ym.
Features Target variables

(XTX)6 = XTy

9= XTX)"1xTy
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